Abstract. Let Fq be a finite field, G a finite cyclic group of order p k and p is an odd prime with gcd(q, p) = 1. In this article, we determine an explicit expression for the primitive idempotents of FqG. This result extends the result in [1], [2] and [8].
Introduction
Let G be a finite cyclic group of order n and F q a finite field of order q, where q is prime relative to n. The cyclic codes of length n over F q can be viewed as an ideal in the group algebra F q G and each ideal is generated by an idempotent of F q G. By the representation theorem of abelian groups we know that G ≃ C p is a cyclic group of order p βj j and p 1 , . . . , p r are distinct primes. In addition, it is well known that
From this fact, in order to construct the idempotents of the cyclic group algebra F q G, it is enough to consider the case G = C n where n is a power of a prime. Observe that the condition gcd(n, q) = 1 is necessary by the Maschke theorem (see [4] theorem 10.8).
Primitive idempotents: General calculation
Let Φ d (x) denote the d-th cyclotomic polynomial, i.e., Φ d (x) can be defined recursively by Φ 1 (x) = x − 1 and x k − 1 = d|k Φ d (x). It is well known (see [5] page 65 theorem 2.47) that if gcd(q, d) = 1 then Φ d (x) can be factorized into
distinct monic irreducible polynomials of the same degree s d over F q and
is an irreducible polynomial of degree s d , and then
Observe that if K is a decomposition field of the cyclotomic polynomial Φ d (x), then for each pair
By the Chinese remainder theorem, we know that
where the F q -algebra isomorphisms are naturally defined using a generator g of C n as g → x → (x, . . . , x).
Since each direct sum term is a field, then this decomposition is a Weddeburn decomposition of the group algebra and each primitive idempotent is of the form (0, . . . , 0, 1, 0, . . . , 0). Therefore, if e d,j is a primitive idempotent of F q C n , then it can be seen as a polynomial e d,j (x) with the following properties :
(
. From these three properties, we have the following Theorem 2.1. Let F q be a finite field with q element and n ∈ N * such that gcd(q, n) = 1, then each primitive idempotent of F q C n is of the form
where f d,j is an irreducible factor of the cyclotomic polynomial
Observe that if we know the polynomial f d,j then h d,j can be explicitly calculated using the Extended Euclidean Algorithm for polynomials. In general, the factorization of Φ d (x) in F q [x] for arbitrary d and q is an open problem. Some especial cases can be found in [5] , [6] and [7] .
The idempotents for some special known cases
In this section we are going to show, without proof, the idempotents in the extremal cases where x n − 1 factorized into linear factors in F q [x] and where each cyclotomic polynomial Φ d (x), with d|n, is irreducible in F q [x] . Before that, we need the following remarks:
is factorized into linear factors if and only if q ≡ 1 (mod n). Theorem 3.4 ([1] theorem 2.1). Let F q be a finite field, and n ∈ N * such that q ≡ 1 (mod n). Then the primitive idempotents of
where ζ n ∈ F d is an n-th primitive root of unity.
Theorem 3.5 ([1] theorem 3.5). Let F q be a finite field and n = p k , where p is an odd prime and k ≥ 1 such that ord n q = ϕ(n). Then the primitive idempotents of
Observe that the representation shown here of the idempotents is the same one found by Ferraz and Polcino Milies in [3] .
4. The case p|(q − 1)
Let F q be a finite field such that p m ||(q − 1) (i.e, p m |(q − 1) and p m+1 ∤ (q − 1)), where p is an odd prime and m ≥ 1. It follows that there exists a primitive p m -
and, therefore, Φ p j (x) is factorized into linear factors if j ≤ m and, in the case j > m the factorization in irreducible factors is
We observe that in this factorization is essential that p be an odd prime, or in the case p = 2 it is necessary that q ≡ 1 (mod 4). Using this fact, we obtain the following new result: Theorem 4.1. Let F q be a finite field and p is a prime such that p m || gcd(p k , q −1), where m ≥ 1. If q ≡ 1 (mod 4) or p is an odd prime, then the primitive idempotents of
are of the following forms:
(2) For each m < s ≤ k and 0 < l < p m such that gcd(l, p) = 1
Proof: Observe that
where the second summand does not appear in the case k = m. Therefore, by Remark 3.1, the first case corresponds to the idempotents associated to the factor
and by theorem 2.1 we know that the idempotent associated to this factor is of the form e j (x) = P j (x)h j , where P j (x) =
and h j ∈ F q are such that P j (ζ j pm )h j = 1. Observe that
and P j (ζ 
, and h s,l (x) is a polynomial satisfying , and using a formal version of L'Hôpital rule, we obtaiñ 
Substituting x
P (y) ≡ P (1) = p k+m−s ζ l(p k+m−s −1) p m = p k+m−s ζ −l p m (mod y − ζ l p m ) or, equivalently, P s,l (x) ≡ p k+m−s ζ −l p m (mod x p s−m − ζ l p m ). Then h s,l = ζ l p m p k+m−s and e s,l (x) = ζ l p m p k+m−s x p k − 1 x p s−m − ζ l p m = ζ l p m p k+m−s x p k − (ζ l p m ) p k x p s−m − ζ l p m = 1 p k+m−s p k−s+m −1 j=0 ζ l(p k−s+m −j) p m x jp s−m = 1 p k+m−s p k−s+m −1 j=0 ζ −lj p m x
General Case
Let F be a finite field with q element and G a group p k element, where gcd(q, p) = 1. The classical method to calculate the irreducible idempotents depends of the computation of the irreducible characters ψ : G → F, where F denotes the algebraic closure of F, and the Galois group Gal(F(ψ), F). In fact, e(ψ) =
is a primitive idempotent of FG and
is a primitive idempotent of FG, where σ acts on the coefficient of e(ψ).
In this section, we are going to calculate the idempotent, without calculate the irreducible characters, only using the trace of some extension of F.
Suppose that ord p q = t > 1 and m is an integer such that p m ||(q t − 1). By little Fermat theorem, it's known that t|(p−1). Under such condition, F q l does not have a p-th primitive root of unit for all l < t, but F q t contains ζ p m , a primitive p m -th root of unit, then F q t can be seen as a decomposition field of the minimal polynomial of ζ p m under F q , i.e., there exists an irreducible polynomial
. . , t − 1} is the set of conjugates of ζ p m over F q . In general, for all a ∈ F q t , the function
is well defined. By the previous section, we show the explicit form of the primitive idempotents of
The next theorem uses this representation in order to calculate the form of the primitive idempotents of
Theorem 5.1. Let F q be a finite field and assume p is an odd prime such that ord p q = t > 1 and p m ||(q t − 1), where m ≥ 1. Then the primitive idempotents of
where e i and e j are the same idempotents if and only if i ≡ jq u (mod p m ) for some u ∈ Z, and, therefore, there are p m −1 t different primitive idempotents of this type. (3) For each m < s ≤ k and 0 < l < p m such that gcd(l, p) = 1,
where e s,l1 and e s,l2 are the same idempotents if and only if l 1 ≡ l 2 q u (mod p m ), for some u ∈ N, and, therefore, for each s fixed, there are
different primitive idempotents of this type.
Remark 5.2. In [8] , using a cyclotomic cosets method, was studied the particular case when m = 1.
Proof: Let E(x) be a primitive idempotent of
is also an idempotent of
and therefore E(x) is a direct sum of primitive idempotents of
In the case that E(x) be also primitive in
then by theorem 4.1 we know the unique idempotent with this propriety is e 0 (x), i.e., the case when j = 0 and therefore E(x) = e 0 (x). Now, suppose that E(x) = e 0 (x), and let e(x) ∈
that τ (e(x)) is also a direct summand of E(x). In addition, it is known that τ r (ζ {e(x), τ (e(x)), . . . , τ (t−1) (e(x))} is a list of different idempotents that are direct summands of E(x). Finally, since
x p k − 1 and using the fact that E(x) is primitive, we conclude that E(x) = σ 1 (e(x)), in other words, we can obtain every primitive idempotent of
x p k − 1 and the ring homomorphism σ 1 . Thus, the other cases of the theorem follow directly from the cases (1) and (2) of Theorem 4.1.
Sage implementation and examples
In this section, some examples are shown explicitly. In order to find these idempotents, we have implemented the last theorem in the SAGE program 1 , as it is shown in the following code:
First we defined the field F q t , the p m -th root of the unity, and the polynomial ring 
